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It is well known that (t, m, s)-nets are useful in numerical analysis. While many
of the best constructions of such nets arise from number theoretic or algebraic
constructions, we will show in this paper that the existence of a (t, t+k, s)-net in
base b is equivalent to the existence of a set of s strongly orthogonal hypercubes of
dimension t+k, order b and strength k. For k>2 such generalized orthogonal
hypercubes provide new combinatorial structures that may be of interest in various
other combinatorial settings.  1996 Academic Press, Inc.
1. INTRODUCTION
From Niederreiter [8, 10] it is known that the theory of (t, m, s)-nets in
base b is useful in the study of sets of points in the unit cube [0, 1)s with
small discrepancy. Many of the known constructions of such nets arise
through the use of various number theoretic and algebraic constructions; in
particular, these constructions often involve the use of various properties of
finite fields (see, for example, [8, 10]).
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It has been known for some time that the existence of nets with certain
parameters is equivalent to the existence of a set of mutually orthogonal
squares or hypercubes. In particular from Niederreiter [8] we have
Theorem 1. Let s2, b2 be integers. Then there exists a (0, 2, s)-net
in base b if and only if there exist s mutually orthogonal squares of order b.
In [7] Mullen and Whittle generalized Theorem 1 to
Theorem 2. Let s2, b2 and t0 be integers. Then there exists a
(t, t+2, s)-net in base if and only if there exist s mutually orthogonal (t+2)-
dimensional hypercubes of order b.
In Section 3 of the present paper, for k2 we extend this equivalence to
any (t, t+k, s)-net in base b by proving
Theorem 3. Let b, t, k, s be integers with b2, t0, k2, and s2.
Then there exists a (t, t+k, s)-net in base b if and only if there exist s
strongly orthogonal hypercubes of dimension t+k, order b, and strength k.
2. NOTATION AND TERMINOLOGY
In this section we briefly review some of the concepts that will be dis-
cussed throughout the remainder of this paper. We begin by recalling from
Niederreiter [8] the fundamental concept of a (t, m, s)-net in base b. Let
s1 be a fixed integer. For an integer b2, an elementary interval in base
b is an interval of the form
E= `
s
i=1
[a(i )b&d i, (a(i )+1) b&d i ),
with integers di0 and integers 0a(i )<bdi for 1is. A (t, m, s)-net in
base b is a point set of bm points in [0, 1)s such that every elementary inter-
val E of volume bt&m contains exactly bt points. For many properties of
(t, m, s)-nets, their discrepancies, and numerous constructions, we refer
to Niederreiter [8, 10]. We also refer to Mullen, Mahalanabis, and
Niederreiter [6] for a table of the currently best net parameters in bases
b=2, 3, 5, 10.
For d2, a d-dimensional hypercube of order b is a b_ } } } _b array
with bd points based upon b distinct symbols. Such a hypercube has type
0 if each symbol appears bd&1 times, and it has type 1 if whenever any one
of the coordinates is fixed, each of the b symbols appears bd&2 times in that
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subarray. Moreover, two hypercubes are orthogonal if when superimposed,
each of the b2 ordered pairs appears bd&2 times, and a set of s2 hyper-
cubes is orthogonal if every pair of distinct hypercubes is orthogonal. Thus
when d=2, we obtain the usual notion of mutually or pairwise orthogonal
squares and if they are of type 1, they are mutually orthogonal latin
squares; see De nes and Keedwell [1, 2]. Hypercubes are known to be use-
ful in combinatorial and statistical design theory; see, for, example [1].
Let b, d, and k be integers with b2 and 2kd. A hypercube of
dimension d, order b, and strength k is a b_ } } } _b
d times
array with bd points
where each point is a (k&1)-tuple of elements of B=[0, 1, ..., b&1]. We
will denote such a hypercube by H(d, b, k). Thus an H(d, b, 2) hypercube
of strength k=2 is a hypercube (in the old sense) of dimension d and
order b.
For 2mk, let E1 , ..., Em be m distinct H(d, b, k) hypercubes and let
*1 , ..., *m be positive integers with *1+ } } } +*m=k. We say that E1 , ..., Em
are (*1 , ..., *m)-orthogonal when for any rearrangement Ei1 , ..., Eim of the
hypercubes, if we form k-tuples of elements of B by using the leftmost *j
coordinates of Ei j for j=1, ..., m, we obtain each k-tuple in B
k exactly
bd bk=bd&k times.
For integers s2 and ms, a set E1 , ..., Es of hypercubes is
(*1 , ..., *m)-orthogonal if any subset of m distinct hypercubes is (*1 , ..., *m)-
orthogonal. Finally, we say that s, H(d, b, k) hypercubes E1 , ..., Es are
strongly orthogonal of strength k if for all mmin(s, k), they are
(*1 , ..., *m)-orthogonal for all partitions (*1, ..., *m) of k, that is, for all
(*1 , ..., *m) with 1*ik&1 for i=1, ..., m and *1+ } } } +*m=k.
Example 1. For k=2, since 1+1=*1+*2=2 is the only allowable
partition, E1 , ..., Es are strongly orthogonal of strength 2 if for 1i< js,
Ei and Ej are orthogonal in the usual sense.
Example 2. For k=3 the resulting hypercubes contain pairs of points.
If *1+*2+*3=1+1+1=3, the leftmost coordinates of the hypercubes
form what was in Mullen and Whittle [7, Proposition 8], called a set of
3-orthogonal hypercubes. If *1+*2=2+1=3, for each pair of hypercubes
say Ei and Ej , we need to obtain all triples the same number of times where
we form triples by taking the left two coordinates of Ei and the left coor-
dinate of Ej . Since this must also work for all rearrangements of the hyper-
cubes, the above must hold when we take coordinates 1 and 2 from Ej and
coordinate 1 from Ei .
Table I provides an example of a set of seven strongly orthogonal
H(4, 2, 3)-hypercubes of strength 3:
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TABLE I
3. EQUIVALENCE
We are now ready to generalize Theorem 2 by proving
Theorem 3. Let b, t, k, and s be integers with b2, t0, k2, and
s2. Then there exists a (t, t+k, s)-net in base b if and only if there exist
s strongly orthogonal hypercubes of dimension t+k, order b, and strength k.
Proof. Let P(1), ..., P(bt+k) be points of a (t, t+k, s)-net in base b.
Let pi (n) be the i th coordinate of P(n) for 1is, 1nbt+k. To
define s hypercubes of the desired form, multiply pi (n) by bt+k so
0bt+kpi (n)<bt+k. Write wbt+kpi (n)x in base b as
wbt+kpi (n)x=a1bt+k&1+ } } } +at+k&1b+at+k .
We now define hypercubes E1 , ..., Es of dimension t+k, order b, and
strength k by
e (i)h1 , ..., ht+k=(a1 , ..., ak&1), i=1, ..., s,
where n=(h1&1) bt+k&1+ } } } +(ht+k&1&1)b+ht+k and 1hjb,
j=1, ..., t+k. Thus we consider only the highest k&1 bits in the base b
representation of wbt+kpi (n)x. Also note that these a’s depend on both i
and n.
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For ms let *1+ } } } +*m=k be a partition of k with 1*ik&1
for i=1, ..., m. Let 1i1< } } } <ims. We will show that Ei 1 , ..., Ei m
are (*1 , ..., *m)-orthogonal. Let Eq1 , ..., Eq m be some rearrangement of
Ei1 , ..., Eim . Consider the first *j coordinates of Eqj for j=1, ..., m to form a
collection of k-tuples with k=*1+ } } } +*m .
Let (d1 , ..., dk) be a k-tuple of elements from B formed by using the leftmost
*j coordinates of Eqj for j=1, ..., m. Let c1=d1b
*1&1+ } } } +d*1&1b+d* 1 so
0c1<b* 1. Use the next *2 d ’s to form c2 , ..., the last *m d ’s to form cm so
that 0cj<b* j, j=1, ..., m.
Consider the elementary interval J=> sq=1 Jq , where
Jq={
_ c1b* 1 ,
c1+1
b*1 + if q=q1 ,
b b b
_ cmb* m ,
cm+1
b* m + if q=qm ,
[0, 1) if q{q1 , ..., qm .
Then J is an elementary interval of volume 1b* 1 } } } 1b*m=1bk, so it con-
tains bt points, say P(n1), ..., P(nb t). For l=1, ..., bt, nl determines 1
h1 , ..., ht+kb so that nl=(h1&1) bt+k&1+ } } } +(ht+k&1&1) b+ht+k .
We have P(nl ) # J so that
pq j (nl) # _ cjb*j ,
cj+1
b*j + for j=1, ..., m.
Hence, we have
e (q 1)h 1 , ..., ht+k=(d1 , d2 , ..., d*1 , ...)
e (q 2)h 1 , ..., ht+k=(d* 1+1 , d*1+2 , ..., d* 1+*2 , ...)
b b b
e (q m)h1 , ..., ht+k=(d* 1+ } } } +*m&1+1 , ..., dk , ...).
Since there are exactly bt such nl , the k-tuple (d1 , ..., dk) is picked up bt
times. Thus Eq1 , ..., Eq m are (*1 , ..., *m)-orthogonal. Since the rearrangement
was arbitrary, Ei1 , ..., Eim are (*1 , ..., *m)-orthogonal. But the partition
(*1 , ..., *m) of k was arbitrary so E1 , ..., Es are strongly orthogonal hyper-
cubes of dimension t+k, order b and strength k.
Conversely, let E1 , ..., Es be strongly orthogonal hypercubes of
dimension t+k, order b and strength k. Let 1nbt+k so
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n=(h1&1) bt+k&1+ } } } +ht+k . For 1is let v(i) # [1, ..., s] be arbitrary
with v(i){i and define pi (n) # [0, 1) by
pi (n)=e (i)h1 , ..., ht+k b
&1+e (i)h1, h2 , ..., h t+k b
&2+ } } }
+e (i)h 1 , ..., hk&1 , ..., ht+k b
&(k&1)+e (v(i))h1 , ..., ht+k b
&k,
where the underbar indicates that we take just the jth coordinate aj of the
given hypercube
e(i)h1 , ..., hj , ..., h t+k=(a1 , ..., aj , ..., ak&1), 1 jk&1.
Define P(n) # [0, 1)s by P(n)=( p1(n), ..., ps(n)). We now show that the
points P(1), ..., P(bt+k) form a (t, t+k, s)-net in base b.
Let J=>sq=1 Jq be an elementary interval of volume 1b
k. Then
Jq{[0, 1) for m subscripts with mk, say q=q1 , ..., qm with 1
q1< } } } <qms. For j # [1, ..., m] let
Jq j=_
cqj
b*qj
,
cq j+1
b*qj + , 0cq j<b* qj ,
where *q1+ } } } +*q m=k.
Case 1 (m>1). Thus *q jk&1 for j # [1, ..., m]. Consider the hyper-
cubes Eq 1 , ..., Eq m . Write cq 1 , ..., cqm each in base b. Then P(n) # J if and
only if the first *qj coordinates of e
(q j )
h 1 , ..., ht+k are the coordinates in the base
b representation of cq j , for j # [1, ..., m]. But now since Eq1 , ..., Eqm are
(*q1 , ..., *q m)-orthogonal, there are exactly b
t such points.
Case 2 (m=1). In this case we have q=q1 with 1q1s and, there-
fore, *q 1=k. Consider the hypercubes Eq 1 and Ev(q1) . Write cq1 in base b.
Then P(n) # J if and only if the first k&1 coordinates of e (q1)h1 , ..., ht+k are the
first k&1 coordinates in the base b representation of cq1 and the first coor-
dinate of e (v(q 1))h1 , ..., ht+k is equal to the k th coordinate in the base b representa-
tion of cq1 . But now since Eq1 and Ev(q1) are (k&1, 1)-orthogonal, there are
exactly bt such points. This completes the proof. K
4. RELATED COMBINATORIAL STRUCTURES
While Theorem 1 provides an equivalence between certain nets and sets
of orthogonal squares, as pointed out by Niederreiter [8, Corollary 5.6],
in terms of mutually orthogonal latin squares we equivalently have
Corollary 4. Let s2 and b2 be integers. Then there exists a
(0, 2, s)-net in base b if and only if there exist s&2 mutually orthogonal latin
squares of order b.
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From De nes and Keedwell [1, p. 190] we remind the reader that an
orthogonal array of size N, s constraints, b levels, strength k, and index *
is an s_N array A with entries from a set of b distinct symbols with the
property that any k_N submatrix of A contains all possible k_l columns
with the same frequency *. Such an orthogonal array is often denoted as
OA(N, s, b, k). It is stated in [1, p. 191], that a set of s&r mutually
orthogonal hypercubes of order b, dimension r, and type 1 is equivalent to
an orthogonal array OA(br, s, b, 2) with index br&2.
The following equivalence between orthogonal arrays and nets was
shown by Niederreiter in [9].
Proposition 5. Let s2, b2, t0 be integers. Then there exists a
(t, t+2, s)-net in base b if and only if there exists an orthogonal array
OA(bt+2, s, b, 2) of index bt.
A generalization of this in the form of an equivalence between
(t, t+k, s)-nets and orthogonal arrays of strength k for k>2 is not
possible. In [12] Schmid generalized the concept of an orthogonal array to
a new concept of ordered orthogonal arrays and showed an equivalence to
(t, t+k, s)-nets as follows.
Definition 6. Let b, s, k, N, *, and l1 , ..., ls be integers with b2,
li1, and si=1 lik. An ordered orthogonal array of size N, s ordered
constraints of heights l1 , ..., ls , b levels, strength k, and index * is an
si=1 li_N matrix A, where the rows are from s, li_N matrices Ai with
entries from a set of b elements such that any k_N submatrix of A built
by the first ki rows of each Ai (0kili , si=1 ki=k), contains all possible
k_1 columns with the same frequency *. We denote such an ordered
orthogonal array by OOA(N, (l1 , ..., ls), b, k).
Remark. (i) As in the case of orthogonal arrays, it follows from the
definition that N=*bk.
(ii) For sk an OOA(N, (1, ..., 1), b, k) is the usual OA(N, s, b, k).
Theorem 7. Let s2, b2, k2, t0 be integers. Then there exists a
(t, t+k, s)-net in base b if and only if there exists an ordered orthogonal
array OOA(bt+k, (k&1, ..., k&1), b, k) of index bt.
Remark. We note that for k=2, Theorem 7 reduces to Proposition 5.
Remark. In his Ph.D. thesis [3] Mark Lawrence has independently
obtained another equivalence between nets and what he calls generalized
orthogonal arrays. His generalized orthogonal arrays are equivalent to
ordered orthogonal arrays in which all of the heights l1 , ..., ls are equal.
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Since an OA(bt+k, (k&1) s, b, k) of index bt implies an OOA(bt+k,
(k&1, ..., k&1), b, k) of index bt and, for sk, an OOA(bt+k,
(k&1, ..., k&1), b, k) of index bt implies an OA(bt+k, s, b, k) of index bt,
the following two corollaries immediately follow.
Corollary 8. Let s2, b2, k2, and t0 be integers. If there
exists an orthogonal array OA(bt+k, (k&1) s, b, k) of index bt then there
exists a (t, t+k, s)-net in base b.
Corollary 9. Let b2, k2, sk, and t0 be integers. If there
exists a (t, t+k, s)-net in base b then there exists an OA(bt+k, s, b, k) of
index bt.
Remark. For the special case when k=2, by combining Corollaries 8
and 9, we have an alternative proof of Proposition 5.
Remark. Corollary 9 was stated by Owen [11] in the following more
general form: The existence of a (t, t+k, s)-net in base b implies the
existence of an orthogonal array OA(bt+k, s, bl, wklx) for all integers l
with 1lk.
From Theorem 3 and Theorem 7 the following corollary immediately
follows.
Corollary 10. Let s2, b2, k2, and t0 be integers. Then there
exists an ordered orthogonal array OOA(bt+k, (k&1, ..., k&1), b, k) of
index bt if and only if there exists s strongly orthogonal hypercubes of dimen-
sion t+k, order b, and strength k.
In [7] Mullen and Whittle defined for 2kd, a set of k hypercubes
of dimension d and order b to be k-orthogonal if, when superimposed, each
of the bk possible ordered k-tuples appears bd&k times, and a set of sk
hypercubes is said to be k-orthogonal if every subset of k hypercubes is
k-orthogonal.
It easily follows from the proofs of Theorems 3 and 7 that for b2,
sk2, and t0, an OOA(bt+k, (1, ..., 1), b, k) is equivalent to s,
H(t+k, b, k) hypercubes where every subset of k hypercubes is (1, ..., 1)-
orthogonal. In this setting each point of a hypercube is by definition a
(k&1)-tuple, but only the leftmost coordinate is considered. Since the
latter is equivalent to s, k-orthogonal hypercubes of dimension t+k and
order b we obtain the following.
Proposition 11. Let b2, sk2, and t0 be integers. Then there
exists an orthogonal array OA(bt+k, s, b, k) of index bt if and only if there
exist s, k-orthogonal hypercubes of dimension t+k and order b.
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The use of a MacNeish-type Kronecker product construction to build
sets of mutually orthogonal Latin squares of the product order b1b2 from
such sets of orders b1 and b2 is well known in the study of sets of mutually
orthogonal Latin squares; see De nes and Keedwell [1, p. 390]. Such a
technique can also be used in the study of sets of strongly orthogonal
hypercubes. In particular, if E and F are hypercubes of dimension d, orders
b1 and b2 , and strength k, then a Kronecker product hypercube EF may
be defined by
EF=(ei1 , ..., i d , F ),
that is, for each fixed i1 , ..., id , one replaces the (k&1)-tuple ei1 , ..., i d of E by
the bd2-ordered pairs (of (k&1)-tuples)
(ei 1 , ..., i d , f j1 , ..., jd), 1 jcb2 for c=1, ..., d.
Then EF is a hypercube of dimension d, order b1b2 , and strength k.
Moreover, if E1 , ..., Es are s strongly orthogonal hypercubes of dimen-
sion t+k, order b1 , and strength k, and F1 , ..., Fs are s strongly orthogonal
hypercubes of dimension t+k, order b2 , and strength k, then E1 F1 , ...,
Es Fs are s strongly orthogonal hypercubes of dimension t+k, order
b1 b2 , and strength k.
The equivalent result for (t, t+k, s)-nets was shown by Schmid [12] in
the following.
Proposition 12. Let t0 and k, s, b1 , and b2 be integers each 2.
Given two (t, t+k, s)-nets in bases b1 and b2 , a (t, t+k, s)-net can be
constructed in base b1b2 .
We close by remarking that Lawrence, Mahalanabis, Mullen, and
Schmid will give in [4] a construction for digital nets in prime power bases
arising from sets of linearly independent vectors over finite fields. One way
of constructing large sets of independent vectors is through the theory of
linear error-correcting codes over the finite field Fb of order b, where b is,
of course, a prime power. In particular, it will be shown in [4] that by
using the best coding constructions in bases 2 and 3, one can in many cases
obtain improved parameters for net constructions. See also Mullen,
Mahalanabis, and Niederreiter [6] for a table of the best net parameters
in bases b=2, 3, 5, 10.
5. AN OPEN PROBLEM
We close by raising what is no doubt a difficult problem. Given integers
t0, b2, k2, let N(b, t, k) denote the maximum number of
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strongly orthogonal hypercubes of dimension t+k, order b, and strength k.
It is known from Mullen and Whittle [7, Section 3], that N(b, t, 2)
(bt+2&1)(b&1). Moreover it is known that for b a prime power,
N(b, t, 2)=(bt+2&1)(b&1). Also from Niederreiter [8], N(6, 0, 2)=3.
In addition for b a prime power, Lawrence, Mahalanabis, Mullen, and
Schmid show in [4],
N(b, t, 3){n~ &1n~
if b=2, or if b is even and t=0,
otherwise,
where n~ is the maximum number of vectors of length t+3 over Fb , any
three of which are linearly independent. The determination of N(b, t, k)
would indeed be of considerable interest, not only for the theory of strongly
orthogonal hypercubes, but also because, via Theorem 3, it would
provide an upper bound on s for the construction of a (t, t+k, s)-net in
base b.
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